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Text. It is a theorem of Kaplansky that a prime p ≡ 1 (mod 16)
is representable by both or none of x2 + 32y2 and x2 + 64y2,
whereas a prime p ≡ 9 (mod 16) is representable by exactly one
of these binary quadratic forms. In this paper ﬁve similar theorems
are proved. As an example, one theorem states that a prime p ≡
1 (mod 20) is representable by both or none of x2 + 20y2 and
x2 + 100y2, whereas a prime p ≡ 9 (mod 20) is representable
by exactly one of these forms. A heuristic argument is given why
there are no other results of the same kind. This argument relies
on the (plausible) conjecture that there are exactly 485 negative
discriminants Δ such that the class group C (Δ) has exponent 4.
Video. For a video summary of this paper, please visit http://
www.youtube.com/watch?v=l_yRq0oqKx4.
© 2008 Elsevier Inc. All rights reserved.
Consider a negative integer Δ ≡ 0,1 (mod 4) and recall that the principal (binary, quadratic) form
F (x, y) of discriminant Δ is x2 − Δ4 y2 or x2 + xy − Δ−14 y2 according to Δ’s parity. It is well known
that the prime numbers representable by F (x, y) are describable by congruence conditions if and only
if each genus of forms of discriminant Δ consists of a single class, or—equivalently—the class group
C (Δ) is either trivial or has exponent 2 (see e.g. [2, p. 62]).
The determination of the negative discriminants with one class per genus is a famous problem in
number theory. Gauss, who considered only forms of type ax2 + 2bxy + cy2, found 65 such discrimi-
nants −4n and showed that they correspond to Euler’s idoneal or convenient numbers n. Dickson [3]
compiled a similar list containing in addition 36 odd discriminants, and it is highly plausible that
this list of 101 discriminants is complete. It is a strange coincidence that the number of fundamental
discriminants on Dickson’s list is also 65.
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n = 0,1,2,3,4 (by classical results of Fermat), but not for any n > 4. In light of this, the following
theorem of Kaplansky [7] is surprising:
Theorem 0. A prime p ≡ 1 (mod 16) is representable by both or none of x2 + 32y2 and x2 + 64y2 , whereas
a prime p ≡ 9 (mod 16) is representable by exactly one of these forms.
In this paper we show that Kaplansky’s theorem is only one member of a small family of results
on congruence conditions for the simultaneous representation of primes by two principal forms:
Theorem 1. A prime p ≡ 1 (mod 20) is representable by both or none of x2 + 20y2 and x2 + 100y2 , whereas
a prime p ≡ 9 (mod 20) is representable by exactly one of these forms.
Theorem 2. A prime p ≡ 1,16,22 (mod 39) is representable by both or none of x2 + xy + 10y2 and x2 +
xy + 127y2 , whereas a prime p ≡ 4,10,25 (mod 39) is representable by exactly one of these forms.
Theorem 3. A prime p ≡ 1,16,26,31,36 (mod 55) is representable by both or none of x2 + xy + 14y2 and
x2 + xy+69y2 , whereas a prime p ≡ 4,9,14,34,49 (mod 55) is representable by exactly one of these forms.
Theorem 4. A prime p ≡ 1,65,81 (mod 112) is representable by both or none of x2 + 14y2 and x2 + 448y2 ,
whereas a prime p ≡ 9,25,57 (mod 112) is representable by exactly one of these forms.
Theorem 5. A prime p ≡ 1,169 (mod 240) is representable by both or none of x2 + 150y2 and x2 + 960y2 ,
whereas a prime p ≡ 49,121 (mod 240) is representable by exactly one of these forms.
After the proofs we give a heuristic argument why these six theorems are the only results of their
kind. For example, we prove that there are no similar relations between the primes represented by
x2 + 128y2 and x2 + 256y2.
It should be noted that none of the forms appearing in the above theorems have discriminants
with one class per genus. Nevertheless, there are simple criteria characterising the primes represented
by three of these forms individually: p = x2 + 32y2 if and only if −4 is an 8th power modulo p
(Barrucand and Cohn [1]), p = x2 +64y2 if and only if 2 is a 4th power modulo p (Gauss, see e.g. [2]),
and p = x2 + 100y2 if and only if 5 is a 4th power modulo p (Hasse [6, p. 69]).
Proof of the theorems. We start by reviewing some general facts about quadratic forms and ring
class ﬁelds and refer once and for all the reader to [2]. Consider a negative discriminant Δ with class
group C . Write Δ = dK f 2 where dK is fundamental and let K be the imaginary quadratic ﬁeld of
discriminant dK . The ring class ﬁeld N of discriminant Δ is a ﬁeld extension of K with Galois group
Gal(N/K ) canonically isomorphic to C via the Artin symbol. Moreover, N is (generalised) dihedral
over Q:
Gal(N/Q) ∼=C  Z/2,
meaning that the non-trivial element in Z/2 acts on C by inversion. For a prime p with p  Δ, it is
a fundamental result that p is representable by the principal form of discriminant Δ if and only if
p splits in N [2, p. 181].
The genus ﬁeld Γ of discriminant Δ is the subextension of N/K corresponding to the subgroup of
squares in C via Galois theory and Artin symbol. It is the maximal elementary abelian 2-extension
of K (or Q) contained in N . Γ is obtained by adjoining to Q the square roots of what one could call
the assigned discriminants of Δ. These are the prime discriminants qi such that the assigned characters
of Δ are the Kronecker symbols (qi/ ). Their number is conventionally denoted μ, and the degree
of Γ thus equals 2μ .
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Now, let us take x2 +20y2 as exemplar. It is the principal form of discriminant Δ = −80. The class
group C is cyclic of order 4. Let
D4 =
〈
σ ,τ
∣∣ σ 4 = τ 2 = (στ )2 = 1〉
be the dihedral group of order 8. Then the ring class ﬁeld N is a D4-extension of Q and a C4-
extension of K = Q(√−5). The genus ﬁeld is Γ = K (i). Similarly for x2 + 100y2 we get Δ′ = −400,
C ′ ∼= C4, K ′ = Q(i), Gal(N ′/Q) ∼= D4 and Γ ′ = Γ .
It follows that the compositum NN ′ is a ﬁeld of degree 16. More precisely, the Galois group
Gal(NN ′/Q) is isomorphic to the subgroup G ⊂ D4 × D4 generated by a = (σ , τ ) and b = (τ ,σ ). In
other words, G is the ﬁbre product D4 uprise D4 with respect to two epimorphisms π,π ′ : D4 → C2 × C2
under which C4 ⊂ D4 has different images. Incidentally, G is the 9th group of order 16 in Senior and
Hall’s classiﬁcation [5] where it is also given the prosaic name 16Γ2c1. In terms of generators and
relations we have
G = 〈a,b ∣∣ a4 = b4 = (ab)2 = (ab−1)2 = 1〉.
It is a nice exercise in group theory to show that the maximal abelian extension A/Q inside NN ′
has Galois group C4 × C2, that Γ (obviously) is the maximal elementary abelian subextension of A,
and that the two C4-extensions of Q inside A both contain K ′′ = Q(
√
5). Fig. 1 gives some additional
details.
Next we determine A explicitly. Since the only primes ramiﬁed in a ring class ﬁeld are the ones
dividing the discriminant, and since every abelian ﬁeld is contained in a cyclotomic ﬁeld Qn , A must
be a subﬁeld of Qn where the conductor n is divisible by no other primes than 2 and 5. From the
structure of cyclotomic ﬁelds and using, say, that p = 29 does not split in A since it splits in N but
not in N ′ follows A = Q20.
Now consider an arbitrary prime p. For p to be representable by any of x2 + 20y2 and x2 + 100y2,
it is a necessary condition that p split in Γ , i.e. that p ≡ 1,9 (mod 20). If p ≡ 1 (mod 20), then
p splits in A and hence in both or none of N and N ′ . If, on the other hand, p ≡ 9 (mod 20), then
p does not split in A and hence splits in exactly one of N and N ′ . Theorem 1 is proved.
The proofs of Theorems 2 and 3 are completely analogous and we leave it for the interested reader
to check the details in Table 1.
D. Brink / Journal of Number Theory 129 (2009) 464–468 467Table 1
Forms, discriminants, etc.
F (x, y) Δ dK f C qi A, splitting primes
(1,0,32) −128 −8 4 [4] −4,8 Q16
(1,0,64) −256 −4 8 [4] −4,8 p ≡ 1(16)
(1,0,20) −80 −20 2 [4] −4,5 Q20
(1,0,100) −400 −4 10 [4] −4,5 p ≡ 1(20)
(1,1,10) −39 −39 1 [4] −3,13 A ⊂Q39
(1,1,127) −507 −3 13 [4] −3,13 p ≡ 1,16,22(39)
(1,1,14) −55 −55 1 [4] 5,−11 Q5(
√−11)
(1,1,69) −275 −11 5 [4] 5,−11 p ≡ 1(5)&(−11/p) = 1
(1,0,14) −56 −56 1 [4] −7,8 Q16(
√−7)
(1,0,448) −1792 −7 16 [4,2] −4,−7,8 p ≡ 1(16)&(−7/p) = 1
(1,0,150) −600 −24 5 [4,2] −3,5,8 A ⊂Q240
(1,0,960) −3840 −15 16 [4,2,2] −3,−4,5,8 p ≡ 1,169(240)
Fig. 2. Corresponding subﬁelds and subgroups.
Now consider Theorem 4 with Δ = −1792. Here the larger class group C ∼= C4 × C2 complicates
the situation. Write the ring class ﬁeld of discriminant Δ as N = N0Γ where N0 is cyclic of degree 4
over K = Q(√−7) and Γ = K (i,√2) is the genus ﬁeld. Deﬁne Γ0 such that K ⊂ Γ0 ⊂ N0 and note
that Γ0 is independent of the choice of N0. A priori, there are three possibilities for Γ0 since it
is clearly contained in Γ . The problem of identifying the right subﬁeld was solved in general for
fundamental discriminants by Rédei and Reichardt [8]. We give here an ad hoc solution for the non-
fundamental −1792.
The sought-after ﬁeld Γ0 is the subextension of N/K corresponding via Galois theory and Artin
symbol to the subgroup A ⊂ C of ambiguous (i.e. self-inverse) classes (see Fig. 2). This subgroup
consists of two genera each of which again consists of two classes. The complete character of a form
f (x, y) of discriminant −1792 is the triple ((−4/a), (−7/a), (8/a)) where a is any integer represented
by f (x, y) and prime to −1792. Two forms are in the same genus if and only if they have the same
complete character. It is a standard exercise in number theory to ﬁnd the four ambiguous classes of
discriminant −1792 and compute the corresponding two complete characters. One ﬁnds that they are
(1,1,1) and (−1,1,1). A prime p splits in Γ0 if and only if it is represented by one of the forms
in A . This again happens if and only if the triple ((−4/p), (−7/p), (8/p)) equals one of the two
complete characters above, i.e. if (−7/p) = 1 and (8/p) = 1. We therefore conclude Γ0 = K (
√
2).
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and consequently Gal(N0N ′/Q) ∼= G . The maximal abelian subﬁeld of NN ′ can be written A = A0(i)
where A0 is the maximal abelian subﬁeld of N0N ′ . For a prime p to be represented by x2 + 448y2 it
must split in Γ , i.e. have p ≡ 1 (mod 8) and (−7/p) = 1. Finally, the determination of A (see Table 1)
shows that p splits in A (and hence in both or none of N and N ′) if and only if p ≡ 1 (mod 16).
Theorem 4 follows as previously.
To prove Theorem 5, one shows Γ0 = Γ ′0 = Q(
√−24,√−15) and proceeds as in the proof of The-
orem 4. 
Next we discuss if there are any other results similar to Theorems 0–5. More precisely, we ask if
there are other pairs of negative discriminants Δ and Δ′ with non-abelian ring class ﬁelds N and N ′ ,
but such that there is an abelian ﬁeld A with AN = AN ′ = NN ′ .
Consider as a typical example the forms x2 + 128y2 and x2 + 256y2 with C ∼=C ′ ∼= C8 and Γ =
Γ ′ = Q8. The Galois group Gal(NN ′/Q) is isomorphic to the subgroup H ⊂ D8 × D8 of order 64
generated by a = (σ , τ ) and b = (τ ,σ ), or alternatively
H = 〈a,b ∣∣ a8 = b8 = (ab)2 = (ab−1)2 = 1〉.
But since the commutator subgroup H ′ has order 8, the maximal abelian subﬁeld of NN ′ is again
A = Q16 which is too small to give AN = AN ′ = NN ′ .
Similar group theoretic arguments show that A is too small unless C and C ′ have exponent 4 and
the subﬁelds Γ0 ⊂ N and Γ ′0 ⊂ N ′ corresponding to the subgroups A ⊂ C and A ′ ⊂ C ′ generated
by squares and ambiguous classes coincide. A computer search in the range from 0 to −50000000
ﬁnds 485 discriminants such that the class group has exponent 4:
−39,−55,−56,−63,−68,−80,−128,−136,−144, . . . ,−887040.
It is reasonable to believe that this list of what could be called semi-convenient discriminants is com-
plete, although the only thing known is that the list is ﬁnite [4]. For each pair of discriminants from
this list, it can be checked if the above-mentioned condition holds, and one ﬁnds only the 6 pairs
occurring in Theorems 0–5.
As concluding remark we mention indeﬁnite forms. There seems to be inﬁnitely many positive
discriminants with form class group C4 and also inﬁnitely many pairs of such discriminants giving
theorems similar to the above. One simple example is this: A prime p ≡ 1,33,47,55,81,89,103,
135 (mod 136) is represented by either both or none of x2 − 34y2 and x2 − 578y2 , whereas a prime
p ≡ 9,15,25,49,87,111,121,127 (mod 136) is represented by exactly one of these (indeﬁnite) forms.
Supplementary material
The online version of this article contains additional supplementary material.
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